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1. Introduction
There is now a well developed theory of hereditary Noetherian rings (see, for example,
[6,12–16]). A natural question is to ask if some of these results extend further and this leads
us to the wider class of Noetherian rings of injective dimension one. This class contains
many interesting non-hereditary examples, the integral group ring of a finite group being
one. An elementary example is provided by the ring
(
Z 4Z
Z Z
)
,
which one would expect to have properties rather like those of a hereditary ring. The results
which have been obtained so far for Noetherian rings of injective dimension one seem
isolated, and methods available from the hereditary theory appear not to adapt to this more
general situation.
Here we restrict our attention to those Noetherian rings of injective dimension one
which possess a quotient ring of injective dimension zero, i.e., a quotient ring which
is quasi-Frobenius. We shall show that if R is such a ring then its Krull dimension is
at most one (Theorem 3.1). Moreover, if X is an invertible ideal of R then R/X is a
quasi-Frobenius ring (Theorem 3.3). This generalises a result of Zaks [18, Proposition 4.9]
obtained in the prime case. Theorem 3.4 yields a partial converse to the above. For a non-
Artinian, Noetherian indecomposable ring R of injective dimension one which is integral
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Artinian radical of R is zero (Theorem 3.2).
We examine the semi-prime case in Section 4 where we obtain conditions equivalent
to having injective dimension one (Theorem 4.1) and demonstrate a certain left–right
symmetry (Corollary 4.2). In particular, we determine in Theorem 4.3 when certain
idealiser rings have injective dimension one. In Section 5 we consider the situation when R
is an order equivalent to a direct sum of Dedekind prime rings. This situation covers
many naturally occurring examples. In particular, we show that whether or not R has
injective dimension one or is hereditary is determined by the behaviour of a single ideal
(Theorem 5.7 and Proposition 5.8).
2. Notation, definitions, and elementary properties
The term “Noetherian” will mean left and right Noetherian. The injective dimension
of the module MR will be denoted by inj.dim.(M). If inj.dim.(RR) = 1 then R will be
called a ring of injective dimension one. A Noetherian ring of injective dimension zero,
i.e., a Noetherian self-injective ring, is called a quasi-Frobenius (QF) ring. Such a ring Q
is known to be Artinian and to be left–right symmetric. Also, a finitely generated projective
Q-module is injective [9, pp. 78–80].
For an R-module M let M∗ denote its dual HomR(M,R) which is a module on
the opposite side. Set M∗∗ = (M∗)∗. We say that M is torsionless if the natural map
M → M∗∗ is a monomorphism and reflexive if it is an isomorphism. For a discussion
of these properties we refer the reader to [9, p. 67ff].
We will use Kdim(R) to denote the Gabriel–Rentschler Krull dimension of RR . If K is
a submodule of a module M then K is called co-Artinian if M/K is an Artinian module.
For an ideal I of a ring R the symbol C(I) will stand for the set {c ∈R: the coset c+ I
is regular in the ring R/I }. Thus, C(0) consists of the regular elements of R.
We shall use A(R) (respectively N(R) or just N ) to denote the Artinian (respectively
nilpotent) radical of a Noetherian ring R. The sum of all the simple submodules of a
module M is called the socle of M . It is well known that if E is the right socle of an
Artinian ring then E is the left annihilator of the radical.
The largest two-sided ideal contained in a right ideal K will be called the bound of K .
Let I be an ideal of a ring R. Then I is said to be invertible if there is an over-ring
S of R (with the same identity element) and a subset X of S such that XI = IX = R.
Defining I∗ = {s ∈ S: sI ⊆R} and I∗ = {s ∈ S: Is ⊆R}, we can clearly take X= I∗ = I∗
when I is invertible. We denote the inverse of I when it exists by I−1. Using the Dual
Basis lemma, an invertible ideal is easily seen to be projective. Note also that when R is a
Noetherian ring, by [5, Corollary 3.3] an invertible ideal of R contains a regular element.
In this case if R has a quotient ring Q then the inverse of an invertible ideal of R can be
taken to be a subset of Q.
We shall use |M| to denote the composition length of a module M of finite length,
considered as a module on the appropriate side.
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Theorem 3.1. Let R be a Noetherian order in an Artinian ring Q. Suppose that
inj.dim.(R)= 1. Then Kdim(R) 1.
Proof. Let c ∈ C(0). We shall first show that (R/cR)R is Artinian. Let K be a right ideal
of R such that cR ⊆K . Since KR is torsionless, by [9, Corollary, p. 72] it is also reflexive.
Set K∗ = {q ∈Q: qK ⊆R}. Since KR is reflexive, we have K = {q ∈Q: K∗q ⊆R}. Also
K∗ ⊆Rc−1. In this way a descending chain of right ideals of R which all contain cR gives
rise to an ascending chain of left R-submodules of Rc−1. But R(Rc−1) is Noetherian. It
follows from this and the reflexivity of K as above that every descending chain of right
ideals of R containing cR stabilises. Thus, (R/cR)R is Artinian.
As R has an Artinian quotient ring, by Small’s theorem we have C(0) = C(N). Let
d ∈ C(N). Then the above argument gives that (R/dR)R is Artinian. Hence, (R/(dR +
N))R/N is Artinian. Therefore, Kdim(R/N)  1 and hence the same holds for the
ring R. ✷
In view of the above theorem and its proof, we pose the following questions where R
always denotes a Noetherian ring with inj.dim.(R)= 1:
(1) Is (R/cR)R Artinian for every regular element c of R?
(2) Is Kdim(R) 1?
(3) Does R always have an Artinian quotient ring if A(R)= 0?
The next theorem partially answers question (3).
We thank the referee for pointing out that the equivalence of (1) and (3) in Theorem 3.2
(without the assumption of integrality over the centre) follows from [8, Theorem 1 and
Corollary 2].
Theorem 3.2. Let R be an indecomposable Noetherian ring which is integral over its
centre. Suppose that inj.dim.(R)= 1. Then the following three conditions are equivalent:
(1) For all simple (right or left) R-modules S we have Ext1R(S,R) = 0;
(2) R is an order in a QF ring;
(3) A(R)= 0.
Proof. (1) implies (2): this is [7, Theorem 6.4]. (2) implies (3): since R has an Artinian
quotient ring, by [2, Theorem 4.14] we know that A(R) is a direct summand of R.
The ring R cannot be Artinian, for otherwise R = Q where inj.dim.(R) = 1 and
inj.dim.(Q)= 0. This together with the indecomposability of R gives A(R)= 0.
(3) implies (1): since R is integral over its centre and A(R) = 0, by [7, Lemma 3.1]
every maximal ideal of R contains a central element which is regular in R. Let S be a
simple right R-module. Then there is a central regular element c of R such that Sc = 0.
We know by [1, Corollary 3.1] that R/cR is a QF ring and so R/cR contains an isomorphic
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the short exact sequence
0→ cR→ I → S→ 0.
This cannot split because I ∼= cR ⊕ S would contradict the assumption that A(R) = 0.
So by [17, Theorem 7.11] we have Ext1R(S, cR) = 0. Hence, Ext1R(S,R) = 0 because
R ∼= cR. ✷
Theorem 3.3. Let R be a Noetherian ring with inj.dim.(R) = 1 and suppose that R has
a QF quotient ring Q. Let X be an invertible ideal of R. Then R/X is a QF ring.
Proof. We shall work with right modules. Since QQ is injective so also is QR . As
inj.dim.(R)= 1, this implies that Q/R is R-injective. Hence, the annihilator of X in Q/R
is R/X-injective. Therefore, (X−1/R)R/X is injective. Now there is a positive integer n
such that RR is a direct summand of ((X−1)(n))R since (X−1)R is a generator. Hence,
(R/X)R/X is a direct summand of ((X−1/X−1X)(n))R/X = ((X−1/R)(n))R/X. Therefore,
(R/X)R/X is injective. Thus, R/X is a QF ring. ✷
The above result was proved for semi-prime rings by Zaks [18, Proposition 4.9], and
when X = aR for a central regular element a of R it is a special case of a much more
general result of Bass [1, Corollary 3.1].
We should warn the reader that various parts of the proof of the next result will be used
later.
Theorem 3.4. Let R be a Noetherian order in a QF ring Q. Suppose that Kdim(R) = 1
and that every maximal right ideal of R contains an invertible ideal X such that R/X is
a QF ring. Then inj.dim.(R)= 1.
Proof. We shall work with right modules. Since QR is injective, it is enough to show that
(Q/R)R is injective. Let K be an essential right ideal of R and let f :K → Q/R be a
module homomorphism. We need to show that f can be extended to a homomorphism
R→Q/R. The first step is to reduce to the case when K is co-Artinian. Set K0 =Ker(f ).
Then f (K) is a finitely generated submodule of Q/R, and is isomorphic to K/K0. Set
C = C(0) and let c ∈ C. Since Kdim(R) = 1, we know that (R/cR)R is Artinian. It
follows that every cyclic (and hence also every finitely generated) C-torsion R-module
is Artinian. Clearly, Q/R is C-torsion and hence K/K0 is Artinian. But, by assumption,
every simple right R-module is annihilated by an invertible co-Artinian ideal of R. Hence,
there is an invertible co-Artinian ideal X of R such that (K/K0)X = 0, i.e., KX ⊆ K0.
Now X satisfies the Artin–Rees property [2, Lemma 3.3], so that K ∩Xn ⊆KX for some
positive integer n. Hence, K ∩Xn ⊆K0. Thus, f (K ∩Xn)= 0, and so we can extend f to
a homomorphism (which we shall still call f ) from K+Xn to Q/R by setting f (Xn)= 0.
As X is co-Artinian, so also is K +Xn.
Therefore, from now on we shall suppose without loss of generality that K is co-
Artinian. Let L be a right ideal of R such that K ⊆ L and L/K is a simple right R-module.
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L→ Q/R. We have L = aR + K for some a ∈ R. Set M = {r ∈ R: ar ∈ K}. Then
R/M ∼= L/K and so M is a maximal right ideal of R. We can choose an invertible ideal X
of R such that X ⊆M and R/X is a QF ring. Now define g :M→Q/R by g(m)= f (am)
for all m ∈M . We shall extend g to a homomorphism R→Q/R. As XR is projective and
QR is injective, the restriction of g to X can be lifted to a homomorphismX→Q and then
extended to a homomorphism R→Q. It follows that there is a homomorphism h :R→
Q/R such that h(x)= g(x) for all x ∈X. Define u :M→Q/R by u(m)= g(m)− h(m)
for all m ∈ M . Then u(X) = 0. Hence, 0 = u(MX) = u(M)X with u(M) ⊆ Q/R, so
that, considering X−1 to be a subset of Q, we have u(M) ⊆ X−1/R. Thus, u induces
an R/X-module homomorphism v :M/X → X−1/R. But (X−1)R is projective so that
X−1/X−1X =X−1/R is R/X-projective. As R/X is a QF ring it follows that X−1/R is
R/X-injective. Therefore, v can be extended to a homomorphism R/X→ X−1/R. We
shall also call this extension v. Pulling v back to R gives an extension of u, which we
shall still call u, to a homomorphism from R to X−1/R. But for all m ∈ M we have
g(m)= u(m)+ h(m) so that u+ h is an extension of g to a homomorphism R→Q/R.
Therefore, we shall suppose, without loss of generality, that g :R→Q/R is a homo-
morphism of right R-modules such that g(m) = f (am) for all m ∈ M . Set t = g(1) ∈
Q/R, and consider w :L→ Q/R given by w(ar + k) = tr + f (k) for all r ∈ R and
k ∈ K . We must check that w is well-defined. Suppose that ar + k = 0 for some r ∈ R,
k ∈K . Then r ∈M . Hence, g(r)= f (ar). Therefore, tr + f (k)= g(1)r + f (k)= g(r)+
f (k)= f (ar)+ f (k)= f (ar + k)= f (0)= 0, as required. Thus, w is a homomorphism
L→Q/R and is an extension of f . ✷
Remark. Let R be a Noetherian ring. As explained in Section 2, the hypothesis that every
maximal right ideal of R contains an invertible ideal implies that every maximal right ideal
of R contains a regular element, from which it follows easily that R has no minimal right
ideals and hence A(R) = 0. Thus, in order to use Theorem 3.4 to prove that a ring R has
injective dimension one, we certainly need R to be a Noetherian order in a QF ring with
A(R)= 0.
4. The semi-prime case
Theorem 4.1. Let R be a semi-prime Noetherian ring with Kdim(R)= 1 and with quotient
ring Q. Then the following (right-handed) conditions are equivalent:
(1) inj.dim.(R)= 1;
(2) (Q/R)R is injective;
(3) For every maximal right ideal M of R, the natural map Hom(R,Q/R)→
Hom(M,Q/R) is surjective;
(4) For every maximal right ideal M of R, the natural map Hom(M,Q)→
Hom(M,Q/R) is surjective;
(5) Ext1R(M,R)= 0 for every maximal right ideal M of R;
(6) Ext2 (A,R)= 0 for every simple right R-module A.R
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It is also easy to show that (2) implies (3), and that (3) and (4) are equivalent.
(4) is equivalent to (5): for any right R-module X, the injectivity of QR gives
Ext1R(X,Q)=0. Hence, we have the exact sequence 0→HomR(X,R)→HomR(X,Q)→
HomR(X,Q/R)→ Ext1R(X,R)→ 0 [17, Theorem 7.3]. The equivalence of (4) and (5)
follows.
(5) is equivalent to (6): this follows from the fact that using [17, Theorem 7.5] we have
Ext1R(I,R)∼= Ext2R(R/I,R) for any right ideal I of R.
(3) implies (2): since Kdim(R)= 1 we can proceed as in the proof of Theorem 3.4. ✷
Corollary 4.2. Let R be a semi-prime Noetherian ring such that every essential one-sided
ideal of R contains a central regular element. Then the following conditions are equivalent:
(1) inj.dim.(RR)= 1;
(2) inj.dim.(RR)= 1;
(3) R/aR is a QF ring for every central regular element a of R.
Proof. Bass showed that (1) implies (3) [1, Corollary 3.1]. Because (3) is left–right
symmetric, it is enough to prove that (3) implies (1).
Suppose that (3) is true and let K be an essential right ideal of R. Then K contains
a central regular element a of R, and R/aR is a QF ring. In particular, R/aR is Artinian.
It follows that (R/K)R is Artinian and that Kdim(RR) = 1 [15, Proposition 6.3.10]. We
can now apply Theorem 3.4. ✷
Theorem 4.3. Let C be a commutative Dedekind domain, let S be a maximal C-order in
a simple Artinian ring Q, and let K be a proper essential right ideal of S with SK = S.
Let B be the bound of K . Set R = {s ∈ S: sK ⊆K}. Then inj.dim.(R) = 1 if and only if
K/B = e(S/B) for some idempotent element e of S/B .
Proof. Clearly, R is a prime ring. Also since R is a finitely generated C-module, it is a
Noetherian ring and Kdim(R) = 1. Suppose that K/B = e(S/B) for some idempotent
element e of S/B . This situation was studied in detail in [4]. As in [4], set L =
{s ∈ S : sK ⊆ B} and X =K ∩L. Then K and L are ideals of R. Since K/B = e(S/B) we
have L/B = (S/B)(1−e) and hence 1 ∈K+L. Thus,K+L=R. By [4, Proposition 3.4]
we know that X is an invertible ideal of R. We have R/X ∼= R/K ⊕ R/L. So R/X
is a QF ring because R/K and R/L are Morita equivalent to S/B (see the proof of
[4, Propositon 5.1] concerning R/K , and the symmetry between K and L established in
[4, Propositions 2.10–2.12]). We shall prove that inj.dim.(R) = 1 by verifying condition
(3) of Theorem 4.1. Let M be a maximal right ideal of R and let f :M → Q/R be a
right R-module homomorphism. We must extend f to a homomorphism R → Q/R. If
M + B = R then we know by [3, Theorem 4.10] that MR is projective, and the result
easily follows. Now suppose that M +B = R. Then B ⊆M and X2 ⊆ B , so that X ⊆M .
Since X is invertible and R/X is a QF ring, we can proceed as in the proof of Theorem 3.4
to extend f to a homomorphism R→Q/R.
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I is a subset of Q. Because L is an idempotent left ideal of S [4, Proposition 2.8] we
have S ⊆ {q ∈Q: qL ⊆ L} = L∗. But S is a maximal order in Q and {q ∈Q: qL⊆ L}
is an order in Q. Therefore, S = L∗. Set T = {q ∈ Q: qK ⊆ K}. Because K is
idempotent [4, Proposition 2.5] we have T =K∗. Thus, (K + L)∗ =K∗ ∩ L∗ = T ∩ S =
{s ∈ S: sK ⊆ K} = R. Let I be any essential right ideal of R. As inj.dim.(R) = 1 it
follows by [9, Corollary, p. 72] that because IR is torsionless it is also reflexive and that I =
{q ∈Q: I∗q ⊆R}. Since (K +L)∗ =R it follows by taking I =K +L that K +L= R.
It is now easy to show as in [4, Proposition 3.5] that K/B = e(S/B) for some idempotent
element e of S. ✷
Remark. In a somewhat more general setting, it is shown in [16, Theorem 5.3] that R as
in Theorem 4.3 is hereditary if and only if S/B is a semi-simple Artinian ring.
Example 4.4. Take S =M2(Z) and
K =
(
4Z 4Z
Z Z
)
.
Then in the notation of Theorem 4.3 we have B = 4S and
R =
(
Z 4Z
Z Z
)
.
Let
a =
(−2 4
−1 2
)
∈R
and let r(a) denote the right annihilator of a in R. It is easy to check that r(a)= aR. So
the non-split short exact sequence
0→ r(a)→R→ aR→ 0
shows that the global dimension of R is infinite. In particular,R is not hereditary. However,
by Theorem 4.3 we have inj.dim.(R)= 1.
5. Orders
Context:
S is a finite direct sum of Dedekind prime rings;
R is a Noetherian subring of S with the same identity element;
B is the largest two-sided ideal of S which is contained in R;
Q is the quotient ring of S.
It will be assumed that B is essential as a one-sided ideal of S and that
⋂∞
n=1 Bn = 0.
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that R is a semi-prime ring with Kdim(R)= 1 [3, Proposition 2.2 and Theorem 4.5]. Note
that the quotient ring Q of S is also the quotient ring of R [3, Proposition 2.2]. Moreover,
since B contains a regular element of S, it is also essential as a one-sided ideal of R.
(2) The context is satisfied by a suitable classical order R in a semi-simple Artinian ring
in which case S can be any maximal order above R and B the corresponding conductor
ideal. But we note that in this setting R does not, in general, determine S and B uniquely.
(3) The assumption that⋂∞n=1Bn = 0 does not involve any real loss of generality. If this
condition does not hold then, since S is a direct sum of Dedekind prime rings, B would
contain a non-zero central idempotent element e of S implying that eR is a direct summand
of R; we can safely ignore such summands of R.
Theorem 5.1. In the above context, the following right-handed conditions are equivalent:
(1) inj.dim.(R)= 1;
(2) Q/R is injective;
(3) For every maximal right ideal M of R which contains B , the natural map
HomR(R,Q/R)→HomR(M,Q/R) is surjective;
(4) For every maximal right ideal M of R which contains B , the natural map
HomR(M,Q)→ HomR(M,Q/R) is surjective;
(5) Ext1R(M,R)= 0 for every maximal right ideal M of R which contains B;
(6) Ext2R(A,R)= 0 for every simple right R-module A such that AB = 0.
Proof. This is the same as that of Theorem 4.1 except for the proof that (3) implies (2).
Suppose that (3) is true, let K be an essential right ideal of R, and let f :K →Q/R be
a right R-module homomorphism. Note that Kdim(R) = 1. Let M be the maximal right
ideal of R as in the proof of Theorem 3.4. We need to extend a homomorphismM→Q/R
to a homomorphism R→ Q/R. This follows from (3) if B ⊆M . Now suppose that M
does not contain B . Then M + B = R. Therefore, MR is projective by [3, Theorem 4.10]
and the result is now easy. ✷
Proposition 5.2. In the above context, no maximal ideal of R which contains B is
invertible.
Proof. In order to obtain a contradiction let X be an invertible maximal ideal of R which
contains B . Recall that B is the largest two-sided ideal of S which is contained in R. Let K
(respectively L) be the largest right (respectively left) ideal of S which is contained in R.
Note that K and L are two-sided ideals of R. Now LK is a two-sided ideal of S with
LK ⊆R, so that LK ⊆ B ⊆X. Since X is a maximal ideal of R, either L⊆X or K ⊆X.
Suppose thatK ⊆X. ThenX−1K is an ideal ofR and a right ideal of S so that X−1K ⊆K .
It follows that K = XK = · · · = XnK for every positive integer n. Hence, K ⊆ Xn for
every positive integer n. But X is an invertible proper ideal of R so that its powers are
distinct. Therefore, R/K is not an Artinian ring. Since Kdim(R)= 1 it follows that K is
not an essential right ideal of R [15, Proposition 6.3.10]. This is a contradiction because
B ⊆K and B is an essential right ideal of R. The argument is similar if L⊆X. ✷
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not contain B .
Proof. If B ⊆ M then M is not invertible by Proposition 5.2. On the other hand, if
M +B =R then M is invertible by [3, Theorem 3.4]. ✷
Notation. In the above context, let T denote the intersection of those maximal ideals of R
which contain B .
Remark. Since R/B is Artinian, there are only finitely many maximal ideals of R which
contain B . In view of Proposition 5.2 we can also define T to be the intersection of those
maximal ideals of R which are not invertible, and this makes it clear that T depends only
on R and not on S and B .
Lemma 5.4. Let R be any ring with comaximal ideals A and B such that B is an invertible
ideal of R. Then AB = BA=A∩B .
Proof. We have B−1AB ⊆ R so that AB−1AB ⊆ A. Also BB−1AB ⊆ A. Hence,
B−1AB = RB−1AB = (A+ B)B−1AB ⊆ A. Thus AB ⊆ BA. Similarly, BA ⊆ AB so
that AB = BA. Also A∩B = (A+B)(A∩B)⊆AB +BA=AB . ✷
For our next result we need the following characterisation of QF rings.
Lemma 5.5 (Kupisch). Let R be an Artinian ring. Then R is a QF ring if and only if
(1) R is a direct sum of uniform right ideals and of uniform left ideals; and
(2) the left and right socles of R are equal.
Proof. See [10]. ✷
Corollary 5.6. Let A be an Artinian ring with radical J . Then A is a QF ring if and only if
(1) the right socle E of A coincides with the left socle E′ of A; and
(2) |E| = |A/J | where equality is assumed for both right modules and left modules.
Proof. Suppose that A is a QF ring. Then there are orthogonal primitive idempotent
elements e1, . . . , en of A with 1 = e1 + · · · + en such that each eiA is a uniform right
ideal of A. Thus, the socle eiE of eiA is simple. Now E = e1E ⊕ · · · ⊕ enE so that
|EA| = n which is also the length of (A/J )A. This, together with left–right symmetry and
Lemma 5.5 gives that A satisfies (1) and (2). A similar argument gives the converse. ✷
Recall that for a subset I of the quotient ringQ of a ringR we set I∗ = {q ∈Q: qI ⊆R}
and I∗ = {q ∈Q: Iq ⊆R}.
Theorem 5.7. In the above context, we make the additional assumption that B contains
a central regular element a of R. Let W be the ideal of R such that a ∈W and W/aR is
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Then the following conditions are equivalent:
(1) inj.dim.(R)= 1;
(2) R/aR is a QF ring;
(3) T ∗ = T∗ and |T ∗/R| = |R/T | where the equality of length is assumed on each side;
(4) W∗ =W∗ and |W∗/R| = |R/W | where the equality of length is assumed on each side.
Proof. Note that T/B and W/aR are the radicals of R/B and R/aR respectively with
aR ⊆ B , so that W ⊆ T . In fact, W = T ∩X where X is the intersection of those maximal
ideals of R which contain a but not B (with X = R if W = T ). We have X + B = R, so
that X is an invertible ideal of R by [3, Theorem 3.4]. Thus, T +X =R with X invertible,
so that by Lemma 5.4 we have TX =XT = T ∩X =W .
The first major aim is to show that (2) and (4) are equivalent. We shall use the
characterisation of QF rings given in Corollary 5.6. Note that aW∗ = W∗a is an ideal
of R. We shall show that aW∗/aR is the right socle of R/aR by proving that it is the
left annihilator of the radical W/aR of R/aR. Let E be the ideal of R such that a ∈ E
and E/aR is the right socle of R/aR. Then (E/aR)(W/aR)= 0, so that EW ⊆ aR and
a−1EW ⊆ R. Thus, a−1E ⊆W∗ and so E ⊆ aW∗. Also aW∗W ⊆ aR so that aW∗ ⊆ E.
Therefore, aW∗ =E. Similarly, aW∗/aR is the left socle of R/aR. Thus, the left and right
socles of R/aR are equal if and only if W∗ =W∗. We have |W∗/R| = |aW∗/aR|. Hence,
the right socle aW∗/aR of R/aR and the factor by the radical W/aR of R/aR have the
same length as right modules if and only if |W∗/R| = |R/W |. A similar result holds on
the left with W∗ in place of W∗. Now Corollary 5.6 applied to the ring R/aR establishes
the equivalence of (2) and (4).
We next show that (3) and (4) are equivalent. Recall that W = T ∩ X = TX = XT
with X invertible. So we have W∗TX =W∗W ⊆ R, i.e., W∗T ⊆ X−1, i.e., XW∗T ⊆ R,
i.e., XW∗ ⊆ T ∗. Also T ∗W = T ∗TX ⊆ X, i.e., X−1T ∗W ⊆ R, i.e., X−1T ∗ ⊆ W∗,
i.e., T ∗ ⊆ XW∗ . Therefore, T ∗ = XW∗. We also need to show that T ∗ = W∗X. We
have W∗XT =W∗W ⊆ R so that W∗X ⊆ T ∗, and T ∗X−1W = T ∗X−1XT ⊆ R so that
T ∗X−1 ⊆ W∗ and T ∗ ⊆ W∗X. Therefore, T ∗ = W∗X. Similarly, T∗ = XW∗ = W∗X.
In particular, it follows that T ∗ = T∗ if and only if W∗ = W∗. Because X is invertible
there is, for instance, a one-to-one inclusion-preserving correspondence between the right
R-submodules of R/T and those of X/TX so that |R/T | = |X/TX|. Therefore, working
with right R-modules, we have |W∗/R| = |W∗X/X| = |T ∗/X| = |T ∗/R| + |R/X|.
Hence, |W∗/R| = |R/W | if and only if |T ∗/R| + |R/X| = |R/W |, i.e., |T ∗/R| =
|R/W | − |R/X| = |X/W | = |X/TX| = |R/T |. Similarly, |W∗/R| = |R/W | if and only
if |T∗/R| = |R/T |. This proves the equivalence of (3) and (4).
Bass proved that (1) implies (2) [1, Corollary 3.1]. Thus, it is now enough to prove that
(2) implies (1). Suppose that R/aR is a QF ring. Let M be a maximal right ideal of R
such that B ⊆M . Then a ∈M . Since R/aR is a QF ring, we can proceed as in the proof of
Theorem 3.4 to show that any right R-module homomorphismM→Q/R can be extended
to a homomorphism R→Q/R. Therefore, condition (3) of Theorem 5.1 is satisfied, so
that inj.dim.(R)= 1 as required. ✷
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existence of the central regular element a but we are unable to do so at present.
Proposition 5.8. With notation as above, the following conditions are equivalent:
(1) R is hereditary;
(2) T is right or left projective;
(3) T is invertible.
Proof. It is clear that (3) implies (2) because an invertible ideal is projective on both sides.
(2) implies (1): suppose that TR is projective. Let M be a maximal right ideal of R.
Suppose first that T ⊆M . Then, since R/T is semi-simple Artinian and TR is projective,
a standard argument shows that MR is projective. On the other hand, if M does not contain
T then clearly, since T/B is the radical of R/B , it follows that M does not contain B .
Hence MR is projective by [3, Theorem 4.10]. Thus, Kdim(R) = 1 and every maximal
right ideal of R is projective. It follows as in [11, Lemma 2] that R is hereditary.
(1) implies (3): suppose that R is hereditary. Recall that T is the intersection of the
non-invertible maximal ideals of R. Since every non-invertible maximal ideal of R is
idempotent by [6, Proposition 2.2] it follows that T is the intersection of all the idempotent
maximal ideals of R. Therefore T , is invertible, by [6, Proposition 2.5]. ✷
Remark. The invertibility of T can also be obtained from Theorem 5.7 if we make the
extra assumption that B contains a central regular element of R.
Example 5.9. The following ring R is hereditary (shown below) and thus is a ring of
injective dimension one. Hence, T ∗/R and R/T have the same length as R-modules, but
they are not isomorphic. (This is really just a reflection of the fact that the socle of a QF
ring has the same length as, but is not in general isomorphic to, the factor by the radical.)
Take S =M3(Z) and
R =

 Z 2Z ZZ Z Z
Z 2Z Z

 .
Then B = 2S and
T =

 2Z 2Z 2ZZ 2Z Z
2Z 2Z 2Z

 .
Set F = Z/2Z. Then R/T ∼= F ⊕M2(F ). It is routine to check that T is an invertible ideal
of R with inverse
T −1 =

 Z Z Z(1/2)Z Z (1/2)Z
Z Z Z

 .
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dimensions of T −1/R and R/T are 4 and 5, respectively. Thus, T −1/R and R/T are not
isomorphic.
Example 5.10. Let n be a positive integer with n = 1. Set S =Mn(Z) andB = 2S. We shall
identify S/B with Mn(F) where F = Z/2Z. Let R be the subring of S such that B ⊆ R
and R/B consists of the diagonal matrices of Mn(F). We have T = B and R/T ∼= F (n).
Thus, R/T has length n. Also T ∗ = S = T∗ and S/R has length n2 − n. It follows from
Theorem 5.7 that inj.dim.(R)= 1 if and only if n2 −n= n, i.e., n= 2. In fact, when n= 2
this ring R is isomorphic to the one in Example 4.5.
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